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Parametric Analysis of the Spatial Resolution and
Signal-to-Noise Ratio in Super-Resolved
Spatiotemporally Encoded (SPEN) MRI
Noam Ben-Eliezer,1* Yoav Shrot,2 Lucio Frydman,2 and Daniel K. Sodickson1
Purpose: Spatiotemporally Encoded (SPEN) MRI is based on
progressive point-by-point refocusing of the image in the spatial rather than the k-space domain through the use of
frequency-swept radiofrequency pulses and quadratic phase
profiles. This technique provides high robustness against
frequency-offsets including B0 inhomogeneities and chemicalshift (e.g., fat/water) distortions, and can consequently perform
fMRI at challenging regions such as the orbitofrontal cortex
and the olfactory bulb, as well as to improve imaging near
metallic implants. This work aims to establish a comprehensive framework for the implementation and super-resolved
reconstruction of SPEN-based imaging, and to accurately
quantify this method’s spatial-resolution and signal-to-noise
ratio (SNR).
Theory and Methods: A stepwise formalism was laid-out for calculating the optimal experimental parameters for SPEN, followed
by analytical analysis of the ensuing SNR and spatial-resolution
versus conventional k-space encoding. Predictions were then confirmed using computer simulations and experimentally.
Results: Our findings show that SPEN is governed by the
same fundamental signal-processing principles as k-space
encoding, leading to similar averaging properties, and ultimately
similar spatial-resolution and SNR levels as k-space encoding.
Conclusion: Presented analysis is applicable to general multidimensional SPEN designs and provides a unified framework
for the analysis of future SPEN and similar approaches based
on quadratic phase encoding. Magn Reson Med 72:418–
C 2013 Wiley Periodicals, Inc.
429, 2014. V
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INTRODUCTION
The use of magnetic field gradients constitutes one of
the cornerstones of spatial encoding in MR imaging.
Practically unchanged at a fundamental level since its
first implementation (1), this scheme uses linear field

gradients for encoding the spatial domain, followed by
Fourier Transformation (FT) of the ensuing signal to
recover the desired image. Recently, an alternative
encoding technique, termed spatiotemporal-encoding
(SPEN), has emerged, which uses quadratic rather than
linear phase profiles to extract the spatial information
(2). The quadratic phase profile focuses the signal to
arrive from a region around its vertex where all the spins
are in-phase, while largely suppressing signals from
other regions where spins destructively interfere with
each other. Imprinting such phase profiles can be accomplished in several different ways, arguably the simplest
of which, relies on the use of frequency swept radiofrequency (RF) pulses. This reliance on such pulses in the
context of MR imaging is indeed not unique and has
been reported in the past, e.g., by Kunz and Hilal for
reducing peak RF power (3,4); by Maudsley for decreasing the dynamic range of the acquired signal (5); and by
Pipe for improved slice-encoding, enhanced slice definition, and the prevention of aliasing when using limited
fields of view (FOVs) (6). More recent implementations
of quadratic phases for MRI include PatLoc and O-space
imaging (7–9); these should be distinguished from SPEN
as they involve customized nonlinear gradient hardware,
and use different reconstruction procedures than the one
to be discussed herein.
Selected examples of SPEN’s performance vis-a-vis
conventional k-space encoding are illustrated in Figure
1. In its simplest form, SPEN relies on exciting the sample’s spins using a frequency swept RF pulse applied in
tandem with a magnetic field gradient Gexc, which acts
to spread out the resonance frequencies throughout the
axis to be encoded. The RF pulse progressively sweep
over this range of frequencies, thereby exciting different
locations at different times. The postexcitation quadratic
phase profile is then equal to (2),
fexc ðx Þ ¼
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where Texc is the RF duration, FOV is the imaged field-ofview, R  gGexc FOV =Texc is the RF sweep rate (in units of
frequency / time), and g is the gyromagnetic ratio. The
quadratic shape of fexc causes the spins’ phase to
vary rapidly across the sample except around a
stationary phase region, whose characteristic width is
equal to (10),
pﬃﬃﬃﬃ
R
Dx ¼
[2]
gGexc
Relying on these principles, the spin density profile
rðx Þ can subsequently be read out using an acquisition
gradient Gacq. This adds a linear phase term facq ¼
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FIG. 1. Examples of spatiotemporally encoded MRI versus conventional k-space encoded imaging. a: Multi-shot spin-echo images of a
mouse brain demonstrating the ability of SPEN to overcome extreme field inhomogeneities induced by a titanium disc at 7T [Varian
microimaging vertical scanner; disc diameter ¼ 18 mm, thickness ¼ 3 mm] (15). b–d: Single-shot spin-echo EPI (SE-EPI) versus SPEN
based EPI images exemplifying SPEN’s ability to: b: overcome strong susceptibility distortions occurring near the olfactory bulb of a
human volunteer [Siemens whole body 3T scanner, slice-thickness ¼ 5mm, pixel-size ¼ 1.875  1.875 mm2, (for SE-EPI) and 1.5  1.5
mm2 (for SPEN)]. SPEN’s main advantage originates, in this case, from its ability to perform partial FOV imaging, while using higher
bandwidth per pixel along the PE direction (39.0 versus 11.3 HZ/Px) without being penalized by folding artifacts (11,21); c: overcome the
strong B0 field inhomogeneities, occurring at 7T high-field systems through the self-refocusing feature allowing more effective spin-echo
refocusing [Siemens whole-body scanner, pixel-size ¼ 1.0  1.0 mm2, TE ¼ 149 ms for SE-EPI and 156 ms for SPEN, slice-thickness ¼ 2
mm, bandwidth per pixel along the PE direction ¼ 11 HZ/Px for SE-EPI and 12 HZ/Px for SPEN); d: simultaneously encode and reconstruct images of multiple chemical-sites (in this case of fat and water), as compared to conventional EPI where single-shot CSI led to
incoherently overlapped images of fat and water that cannot be separated in post-processing (Siemens whole-body 3T scanner) (19).

gGacq tx  k ðt Þx, causing the stationary point to traverse
the encoded x-axis while its intensity reflects the spin
density at each region. Assuming sufficient spatial localization is achieved during the encoding process, i.e., that
the phase profile in Eq. [1] is sharp enough, a straightforward signal-magnitude operation can then produce an
image profile by means of r(x)/|S(t), without the use of
Fourier Transformation. As shown in detail in (11,12) the
spatially sequential excitation and acquisition processes
also allow SPEN, under the condition Texc 5 Tacq, to
implement a unique type of spin-echo (SE) in which the
excitation-t-refocusing-t-acquisition condition is met for
each and every signal point and not just for the center signal point as in classic k-space encoding. Adding to that
the fact that in SPEN each spatial region is sampled during
a period shorter than the total acquisition time, T2* effects
have less time to evolve, giving rise to the improved

immunity to off-resonance artifacts reported in (12–17)
and exemplified in Figure 1. Further features of SPEN
include its ability to encode multiple chemical sites during a standard imaging scan, allowing straightforward
implementation of chemical-shift-imaging (CSI) (18) (Fig.
1d) and providing robust protection against fat/water artifacts (19); and the lack of Nyquist ghosting artifacts as a
consequence of SPEN’s circumvention of a FT (Fig. 1b,c).
The latter property is indeed an outcome of processing
SPEN data using techniques that are tailored to its unique
spatiotemporal nature. Such techniques will, in the context of single-shot imaging, provide SPEN-based protocols
with two additional advantages. The first, relates to
SPEN’s capability to acquire partial FOVs for a fixed
matrix size without suffering from folding artifacts. Examples of image reconstruction approaches that very efficiently use this property are given in (20,21). The second
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FIG. 2. Pulse sequence scheme for a multi-slice spin-echo protocol based on (a) spatiotemporal-encoding and (b) conventional k-space
encoding. Implementation of SPEN along the readout (RO) dimension involves replacing the slice-selective excitation with a frequency
swept RF pulse, acting in unison with a field gradient Gexc, to generate a quadratic phase profile along the SPEN axis. The focal point
created by this phase profile is then traversed during the acquisition, along the encoded axis using a Gacq gradient, to produce a signal
that is composed of a continuous series of spatially localized spin-echoes. Identical encoding is used along the remaining dimensions in
both (a) and (b), using phase-encoding (PE) and slice-selection (SS). Image reconstruction follows the super-resolution algorithm for the
SPEN axis (26), and Fourier Transformation for the k-space encoded axis, as well as for the PE dimension in both sequences.

advantage consists of the ability to use of higher bandwidths along the phase-encoded (PE) dimension in EPI
scans, thereby significantly reducing B0 inhomogeneity
and motion artifacts that typically affect this dimension in
single-shot imaging (11,12).
SPEN constitutes a generic encoding scheme which can
be incorporated into arbitrary imaging protocols. Figure 2
illustrates a spin-echo implementation (SE SPEN), in
which k-space encoding along the readout channel is substituted by SPEN. The diagram also highlights a potential
drawback of SPEN; namely, that the use of a nonselective
frequency swept excitation pulse calls for the use of a
slice-selective refocusing pulse for restoring the protocol’s
slice-selectivity. This being said, SPEN spin-echo protocols such as the one shown in Figure 2 still lack straightforward slice-interleaving capabilities, requiring the use of
customized implementations when using SPEN for volumetric acquisitions (16,22). Another potential limitation
of SPEN’s quadratic phase encoding rests in the loss in
signal-to-noise ratio (SNR), which could arise from the
high spatial locality required to achieve similar spatial
resolutions as in k-space encoding (23,24). At this extreme
limit, a simple magnitude operation
r(x)/|S(t)| could
pﬃﬃﬃﬃﬃ
lead to SNR losses of up to N , the square root of the
number of acquisition points (25). In a recent report, we
introduced a conceptually different approach to the
implementation of SPEN MRI, which addresses this penalty using a signal reconstruction procedure based on
super-resolution (SR) principles (26). In this case, a
several-pixel-wide focal point can be encoded using
SPEN’s usual scheme, while the ensuing image resolution
is restored using an SR-based algorithm that makes use of
multiple signal points for the calculation of each image
point. In this manner, SPEN can depart from the onepixel-wide focal point limit and reintroduce the multiplexing advantage into SPEN, resulting in a substantial
enhancement of the final SNR. In this report we investigate the theoretical aspects of SR SPEN, centering on the
analysis of its spatial resolution and SNR in comparison

to conventional k-space encoded MRI. To do so we start
by laying out a stepwise parametric framework for the
implementation of SR SPEN imaging at the parametric
limit defined by k-space encoding, and follow with a theoretical derivation of the corresponding signal-to-noise
ratio. As will be discussed later, this choice, although
allowing objective comparison of the two encoding techniques, is not restrictive, as SPEN can still depart from
the spatially global limit defined by the k-space formalism, trading off SNR and/or specific absorption rate (SAR)
for higher spatial localization. Validations of both SNR
and spatial resolution properties are presented using computer simulations and experiments.

THEORY
Parametric Framework of Super-Resolved SPEN MRI
A detailed description of SPEN’s super-resolution reconstruction algorithm can be found in Ben-Eliezer et al
(26). We restrict ourselves here to the reiteration of some
key features of this encoding scheme, and continue by
presenting a new framework that can serve as a general
basis for implementing SR SPEN protocols with optimal
resolution and sensitivity. During a SPEN experiment,
magnetization is modulated by a combination of the
(quadratic) excitation phase, and a linear acquisition
phase. The acquired signal can be expressed as
Z
Sðtn Þ ¼ exp ½ifexc ðx Þ þ ik ðtn Þx rðx Þdx ¼ Er
[3]
n ¼ 1; 2; . . . ; N
where the sign of fexc was flipped to account for a spinecho refocusing pulse acting before the signal acquisition, and E is an operator representing the set of spatially
continuous modulations imposed by the acquisition procedure and associated with digitized measurements at
times tn. The resulting pixel size then becomes either
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FIG. 3. Simulated spin-echo images comparing quadratic phase encoding (SPEN) versus linear (k-space) encoding, at, and below the
sampling conditions defined by Nyquist-Shannon criterion. For all panels, the original image profile is denoted by a gray dashed line.
SPEN images were produced using full SR reconstruction (a,e); modified SR reconstruction using constant spatial weights Wu,n ¼ 1 (b,f);
or using direct Fourier Transform (FT) (c,g). k-space encoded images were reconstructed using FT (d,h). Top row: when matching the
sampling rate to the Nyquist criterion, SPEN and k-space encoding provide similar images using any of the reconstruction variants. Bottom row: reducing the sampling rate below the Nyquist criteria leads to image aliasing (folding artifacts). These are expressed either as
(f): repeated replication of the image along the full FOV, or (g,h): aliased images, which in the case of FT reconstruction, span only half
the original FOV. Using spatially localized weighting Wu,n in the SR reconstruction allows restoration of the original image profile, at a
tradeoff of 2 lower spatial resolution (e). Simulations used identical imaging parameters for SPEN and k-space encoding (e.g.,
sequence timing, spatial resolution, FOV, acquisition bandwidth, spin-echo pulse etc.), excluding the encoding RF which used a 3-ms
frequency swept pulse for SPEN versus a 3-ms two-lobe SINC pulse for k-space encoded images. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

equal to, or larger than the optimal value dx 5 FOV/N,
by a super-resolution factor FSR defined as

Pu;n ¼ Wu;n exp ½ðifexc ðxu Þ þ ik ðtn Þxu Þu; n ¼ 1; 2; . . . ; N

FSR ¼ Dx=dx ð 1Þ

The weighting matrix W introduced in this equation
represents the intra-voxel dephasing caused by the
strong phase variations along the sample. Similar to the
stationary-phase condition taking place during SPEN
acquisition, P’s quadratic phase reflects a time- and
space-dependence that acts to vary the relative contribution of each signal point by inducing strong dephasing at
all regions, except at its vertex. The real-valued weighting matrix W accounts for this feature at a sub-voxel
level by interpolating the spatial dimension of the discrete phase matrix by a certain factor M, and then averaging over the M complex exponents that comprise each
voxel to retrieve its net contribution:

X
M
 
 


Wu;n ¼ 
exp  ifexc xj þ ik ðtn Þxj xj 2 ½xu . . . xuþ1 

 j¼1

[4]

FSR reflects the spatial resolution penalty, paid upon
processing SPEN images using magnitude-mode reconstruction. Its 1 nature, however, suggests the possibility of
restoring the missing information using a more advanced
postprocessing procedure. The SR reconstruction does
exactly that by using an estimated inverse of the encoding
matrix E. Because a pure mathematical inverse does not
necessarily exist for E, this reconstruction cannot follow a
simple model-inversion procedure. Instead, SR relies on a
least square minimization (LSM) of the cost function
arg min ||rðx Þ  Pðx; t ÞSðtÞ||2
r

[5]

where rðx Þ denotes the unknown target profile having a
full spatial resolution of N pixels, and P represents a
customized discrete reconstruction model, approximating the inverse of E. Suitable choices of discretization
may be made in analogy to the case of weak and strong
SENSE (27), or other generalized parallel image reconstructions (28). As was reported in (26), a judicious
choice for P will be given by the Hermitian conjugate of
the acquisition operator sampled at the desired voxel
center positions, and weighted by an appropriate intravoxel average. Although this choice might not be the
most accurate pseudoinverse of E, it was found to be
optimal both in terms of its ensuing SNR and of the final
image resolution. This choice for the reconstruction
matrix can be written as

[6]

[7]
This procedure corresponds approximately to a fit of
the continuous SPEN phase modulation functions to rectangular voxels of the desired width. Numerically, we
found that interpolation factors of M ¼ (10. . .20) are sufficient to account for the subvoxel dephasing effects,
while values above 20 had no effect on the ensuing
weighting matrix. An instructive example of the role
played by the weighting matrix W is given in Figure 3,
demonstrating SPEN’s ability sample a signal at a subNyquist level, while trading off some of the image’s spatial resolution. This feature can, for example, be used
when employing SPEN along the PE dimension of single
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shot pulse sequences. In such cases, it is possible to
increase the bandwidth along the PE dimension, without
being affected by folding artifacts as a result of using
larger dkPE values (whereas the same step would result,
for the case of k-space encoding, in truncation of the
image and folding artifacts). As mentioned before, the
same feature is also advantageous in cases where the
region of interest does not cover the entire FOV, by enabling one to scan limited FOVs without being affected by
aliasing artifacts and with no loss of spatial resolution
(11,20,21). As a final step, we use the reconstruction
model in Eq. [6] to express SPEN’s super-resolved PSF
in an analytical form: by sequentially applying the
encoding and reconstruction operators one obtains
PSFSPEN ¼ PE

[8]

The robustness of the resulting SR reconstruction procedure for restoring optimal image resolution has been demonstrated for a variety of SPEN pulse-sequence schemes,
and in the context of both single- and multi-shot imaging
(15,22,29,30). The optimal resolution enhancement will,
by definition, be limited to FSR seeing as the number of
final image pixels cannot, in the absence of prior information, exceed the number of acquired signal points. To formulate a clear relationship between the experimental
parameters and the reconstructed image properties, we
examine in further detail SPEN’s signal acquisition process. The key point to remember is that, in common with
most digital sampling processes, the minimum frequency
difference that SR SPEN-based protocols will be able to
discern, is given by the reciprocal of the overall acquisition duration, namely: dt 5 1/Tacq. Considering that in
MR imaging the frequency axis corresponds to a magnetic
field gradient (t 5 cGx), this condition can be cast into the
spatial domain, yielding a maximal spatial resolution of

1
1
dx ¼ gGacq Tacq
 kmax

[9]

where we have used the classical k-space notation to
denote the reciprocal of the acquisition gradient first
moment. Given a target field-of-view FOV and spatialresolution dx, Eq. [9] can be used to determine SPEN’s
acquisition bandwidth, which becomes BWacq 5
cGacqFOV. Finally, we note that in order for SPEN’s
quadratic-phase focal point to sweep over the entire FOV
during the acquisition process, the excitation and acquisition parameters need to match one another, thereby
creating a parametric link between these two stages
according to cGexcTexc 5 cGacqTacq (12). This link will in
turn define the encoding RF time-bandwidth product
(TBP) and can be summarized as,
RFTBP ¼ Texc  gGexc FOV ¼ gGacq Tacq FOV

[10]

Equation [10] constitutes one of the key relations in
SPEN imaging by establishing a parametric link between
the acquisition and excitation events wherein the excitation RF parameters are derived from the target image resolution and FOV. The same RF time-bandwidth product
can, furthermore, be related to thepﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
non–super-resolved
pixel size by means of Dx ¼ FOV = RFTBP (see Tal and
Frydman) (10) and hence, sets a fixed value for the SR

enhancement factor in Eq. [4]. We thus conclude that by
setting a target FOV, spatial-resolution, and acquisition
bandwidth, a deterministic stepwise set of relations dictates both the experimental parameters and the optimal
reconstruction enhancement achievable by SR-SPEN.
Signal-to-Noise Ratio in SR SPEN MRI
The introduction of SR reconstruction into SPEN constitutes a shift from a strictly localized acquisition regime,
toward a pseudo-local one. Besides enhancing SPEN’s
spatial definition by a factor FSR ¼ Dx/dx, this procedure
also manifests a dual multiplexing advantage – initially
during the actual acquisition process, when instead of
localizing the signal to a single pixel-wide region dx, the
focal point is broadened to span a range of dxFSR pixels;
and subsequently, during reconstruction when a consecutive set of FSR signal points are multiplexed for the calculation of each image point. Factoring in the fact that
an image’s intensity is proportional to its underlying
pixel size, this twofold advantage can be formulated to
describe the intensity of a SR SPEN image by,
^ SPEN  dx  F 2
S
SR

[11]

It can be further shown (see Appendix A) that by
requiring SR reconstruction to restore an optimal image
resolution of
Nﬃ pixels, this SR enhancement factor will
pﬃﬃﬃﬃ
obey FSR ¼ N , reducing Eq. [11] to,
^ SPEN  dx  N
S

[12]

This signal should be compared with the levels in an
analogous FT imaging experiment, based on k-space
encoding. In this case, the FT postprocessing operation
multiplexes the entire set of N acquired points for the
calculation of each image pixel, leading to a corresponding N fold enhancement of the signal. The resulting
image intensity thus assumes a similar value as the one
obtained by SPEN:
^ kenc  dx  N
S

[13]

Focusing next on a noise level analysis, we examine a
SPEN time-domain signal noise, represented by a characteristic standard-deviation (STD) of each acquired signal
points. This value is in turn proportional, through the
noise correlation matrix C, to the digital filter bandwidth
used to sample the analog signal. Without loss of generality we will restrict this analysis to a single coil setup,
reducing C to a scalar s. Denoting the discretized timedomain noise by a vector gk taken to have zero-mean
Gaussian distribution, its STD can be expressed by,
h
i1=2 
1=2
xðk Þ ¼ hhk jhk ’ i
¼ sBWacq

[14]

where the bra-ket notation denotes a complex transpose
multiplication, and the overhead bar indicates an ensemble average over a set of independently acquired noise
vectors. To assess the final image noise we transform the
time-domain noise vector to the image-domain using the
same reconstruction model in Eq. [6]. This yields,
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hx ¼ Phk

[15]

SR SPEN’s image noise STD xðxÞ can be now calculated
in a similar manner:
h
i1=2 h
i1=2
y
ðx Þ
xSPEN;i ¼ hPhk jPhk i ii
¼ hhk jP Pjhk i ii
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
X
¼ x ðk Þ
Pp;i Pi;p i ¼ 1; 2; . . . ; N

[16]

p

where N is the number of image pixels. Similar to Eq.
[14], the last expression represents an ensemble average
over a set of independently reconstructed noise vectors,
and has a matrix form whose diagonal elements hiii
denote the noise STD of each image pixel—i.e., the quantity being sought—and whose off-diagonal elements represent inter-pixel noise correlations, a quantity not relevant
to the analysis at hand. Notice that the SR-derived
enhancement of the noise STD embodied in the rightmost term of Eq. [16], depends solely on the reconstruction model P. As this is analytically known (Eq. [6]), it
ðx Þ
can be used to directly calculate the value of xSPEN at
each pixel. Seeing as the last steps do not make any
assumptions concerning the type of reconstruction model
used, a very similar noise-analysis procedure can be followed to evaluate the effects of applying a FT to conventionally acquired k-space data. Using identical acquisition
bandwidths, the time-domain noise STD will be identical
to the one given in Eq. [14]. Taking the inverse of the
encoding operator IFT ¼ exp ðikx Þ as the reconstruction
operator, the image domain noise STD then becomes,
h
i1=2 pﬃﬃﬃﬃﬃ
ðx Þ
xFT;i ¼ hhk jFT y FTjhk i ii
¼ N x ðk Þ

8i 2 ½1 . . . N  [17]

The last simplifying step uses the fact that FT matrices
pﬃﬃﬃﬃﬃ
have constant eigenvalue magnitudes, all equal to N
(31). Combining Eqs. [12] and [16] for SPEN, and [13]
and [16] for k-space encoding, we can now formulate a
theoretical estimate for the relative SNR of SPEN versus
k-space encoding,

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
SNRSPEN 
uX N
u
[18]
¼

t
SNRkenc 
Pp;i Pi;p
theory
p

currents, and relaxation processes—all constituting
additional factors that might bias a genuine assessment of
the imaging properties in question. A straightforward
one-dimensional (1D) gradient-echo sequence was chosen
as the basis for these comparisons. This choice was
deemed sufficient in the present context, as all current
SPEN implementations involve the incorporation of
spatiotemporal-encoding solely along one axis (either RO,
PE, or SS) of a multidimensional imaging pulse-sequence.
Further considerations regarding the generalization of this
analysis to implementations of SPEN along more than one
dimension are given in the Discussion.
Simulations were programmed in Cþþ and MATLAB
(The MathWorks Inc., Natick, MA), and were based on
full time and space propagation of spins according to
Bloch equations. Image reconstruction was subsequently
performed using Fourier Transform for k-space encoded
signals, and SR reconstruction for SPEN data. The latter
was based on solving the LSM problem in Eq. [5] using a
single nonregularized iteration as described in BenEliezer et al (26). Zero-padding of the k-space encoded
data was done before calculating its corresponding PSF.
A similar interpolation procedure was repeated for the
SPEN data, implemented in this case by using a high
resolution version of the reconstruction model, designed
so as to produce the same number of pixels as the zeropadded FT data set. All SPEN and k-space encoded simulations, as well as the postprocessing codes are available upon request.
Images’ SNR were evaluated using a Monte-Carlo
approach, where multiple runs of the same imaging
sim
sequence were repeatedly simulated (Nrepetitions
¼ 256) –
each time with a different noise vector. The noise for
each run was generated using MATLAB’s random seed
generator, and synthesized to have a zero-mean Gaussian
distribution, and standard-deviation equal to 1% of the
maximal magnetization intensity. Image domain SNR
maps were then evaluated by taking the N-point timeseries of each image pixel and dividing their mean by
their standard-deviation:
n
o
^ i ðx Þ
mean S
n
o
SNRðx Þ ¼
^ i ðx Þ
STD S

i ¼ 1; 2; . . . ; Nrepetitions

[19]

This relation is indeed valid for any single-coil SPEN
reconstruction model and for any set of parameters, and
will be used to analyze the simulated and experimental
data SNR.

As a final step, we compared SNR results of SR SPEN
versus Fourier-based k-space encoding by calculating the
ratio (SPEN SNR)/(k-space SNR) for each image pixel
after their corresponding processing, and evaluated this
value against the theoretical prediction given in Eq. [18].

METHODS

High-Resolution Phantom Experiments

Computer Simulations of SR SPEN’s PSF and SNR
Values

To further validate the theoretical and simulated findings, experimental SNR measurements were performed
using the SPEN and k-space encoded protocols shown in
Figure 2. Data were acquired on a 7T whole body Siemens scanner (Siemens Healthcare, Erlangen, Germany)
using a standard dual channel birdcage head coil. Experiexp
ments involved acquiring Nrepetitions ¼ 70 replicates of a
single axial slice of a high-resolution water phantom. This
procedure was repeated twice, once for each encoding

Computer simulations were performed for estimating SR
SPEN’s point-spread-function and signal-to-noise ratio, as
well as for comparing against k-space encoded MRI. The
simulations provided an optimal framework for comparing the two encoding methods, free of various scannerand object-dependent factors such as B0 and B1 inhomogeneities, asymmetry of the B1 transmit/receive fields, eddy
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scheme, resulting in two time-series data sets. The choice
of a high-resolution phantom allowed to verify that similar spatial resolutions are delivered by the two encoding
schemes—a factor which would otherwise directly affect
the images’ intensity and bias the SNR comparison. Common imaging parameters included: repetition time
(TR) ¼ 600 ms, echo time (TE) ¼ 9.0 ms, excitation flipangle ¼ 20 , refocusing flip-angle ¼ 180 , field of view
(FOV) ¼ 128  128 mm2, matrix-size¼128  128, slicethickness¼1
mm,
bandwidth ¼ 401
HZ/Px,
and
SAR ¼ 11% for SPEN-SE and 8% for the k-space encode
SE protocol. SPEN frequency sweep excitation was implemented by a time modulation of the RF transmitter-phase,
leading to a sweep rate of R ¼ 20.6 kHZ/ms for a duration
of Texc ¼ 2500 us and over a range of BWexc ¼ 51.4 kHZ,
designed to match the acquisition bandwidth BWacq.
Experimental data were processed in MATLAB using SR
reconstruction for the SPEN-based scheme in Figure 2a,
and using conventional FT for the k-space encoded protocol in Figure 2b. Two-dimensional SNR maps were subsequently calculated by taking the 70-point time-series at
each image location, removing the first 6 data points to
avoid any pre steady-state effects, applying a linear baseline correction procedure according to (32) (order ¼ 1,
cost-function ¼ “stq”, threshold ¼ 0.0385), and calculating
the resultant SNR according to Eq. [19].
RESULTS
Numerical Calculations
Figure 4 provides graphical representations of SPEN and
k-space encoded PSFs: Figure 4a displays single-sourcepoint PSFs, while Figures 4b–4c exemplify SR-SPEN and
FT k-space functions for two adjacent source points. Simulations were noise free and used the exact same imaging
parameters. Almost identical PSFs and image profiles are
seen for the two encoding methods, suggesting that apart
from negligible differences in the contribution of distant
side-lobes, similar spatial-resolutions can be realized using
either method. It should be noted SPEN’s PSF structure,
agrees well with previous quadratic phase reconstruction
results presented in (6). Considering, furthermore, the
comparability to the FT based PSF suggests that both the
reconstruction process in Eq. [5], as well as the one in Eq.
[6], are able to effectively deconvolve the quadratic phase
profiles and provide optimal image domain PSFs.
A first assessment of SPEN’s SNR was obtained by
h
i1=2
means of numerical calculations of the SPp;i Pi;p
term
in Eq. [16], signifying the noise enhancement associated
with the super resolution reconstruction scheme. Numerical calculations using various sets of parameters showed
this noise matrix to have nearly constant diagonal values
pﬃﬃﬃﬃﬃ
equal to N , similar to the eigenvalues of an FT operator. Small deviation from this value did show up as
slightly lower noise levels at the FOV edges. These were
nonetheless balanced by a similar decrease in the calculated signal level. In accordance to Eq. [18], this result
predicts that super-resolved SPEN and k-encoded FT
imaging will have similar SNR values.
Figure 5 presents further validation of this hypothesis,
showing the results of 1D gradient-echo simulations

FIG. 4. Full Bloch simulation-based comparison of SPEN and
k-space encoding. a: Simulated image-domain PSFs exhibiting an
almost identical spatial profiles. b,c: Two source points (b) SPEN
and (c) k-space encoded simulated MR image. A slight difference
is seen at the center of the imaged FOV, corresponding to the
PSF edges, and resulting from edge effects in SPEN’s superresolved processing. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

comparing the performance of SR SPEN and of k-space
FT MRI, in the presence of noise. Similar image quality
is produced by both encoding schemes (Fig. 5a), revealing the underlying object profile perturbed by the noise
that was added to raw signal before reconstruction. Figures 5b and 5c portray SNR maps calculated based on
Eq. [19] for the two encoding schemes, and the corresponding ratio between these values. Equal SNR levels
clearly characterize both encoding methods, whilst
exhibiting no apparent spatial dependency. Similar
results were also obtained when setting the initial magnetization to zero and executing noise-only simulations
(not shown). These computer-based findings were in
close agreement with the analytical calculations, and further corroborate the hypothesis that SR SPEN and kspace encoded MRI have comparable SNR levels.
Experimental SNR Estimations
Figures 6 and 7 summarize the experimental SNR estimations performed using the pair of SPEN and k-space
encoded sequences shown in Figure 2, for a highresolution phantom. In these images the vertical (RO)
axis was either spatiotemporally or k-space encoded,
whereas the other two axes used phase-encoding along
the horizontal (PE) axis, and slice-selection along the
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Despite the similar experimental and shimming conditions small differences emerge, however, at close examination of the SR SPEN and k-space encoded images at
Figures 6c and 6d. These mainly include different distribution of Gibbs ringing artifact, and slight blurring of the
k-space encoded features versus the SPEN-based image.
We ascribe the latter different to T2* relaxation effects
which, even in an ideal spin-echo sequence, will still
influence the peripheral parts of the k-space and thus
distort the high-resolution features of the image. SPEN
based sequences, on the other hand, offer more robust
spin-echoes (12) where each part of the signal undergoes
its own T2* refocusing, allowing more reliable mapping
of the object’s high-resolution features. These factors
aside, the images in Figures 6b and 6c display very similar spatial resolutions in agreement with the similarity
between the PSFs of these two encoding schemes.
Experimental 2D SNR maps were produced from
these data using Eq. [19], by evaluating the ratio
between the mean and the standard-deviation of each
image pixel over a series of 64 consecutive images. Figures 7b–7e contain four representative SNR profiles
taken along the RO dimension at the positions indicated in Figure 7a, from SR SPEN and k-encoded data
sets. Quantitative SNR values are given above each
plot, representing the mean ratio between SPEN and kspace encoded data along each profile, and estimated
for regions where the image intensity was above 25% of
its maximal value. Almost identical values were
obtained for both encoding methods, once again confirming their SNR equivalence.
DISCUSSION
FIG. 5. Simulation based comparison of the relative SNR values
for SPEN and for k-space encoded MRI. a: Representative images
resulting from SPEN and k-space encoding for a smoothly varying
1D object with a constant magnetization amplitude along its central region. Random, zero mean, white Gaussian noise was incorporated into the simulated signal and is expressed as small
variations in the reconstructed images. b: SNR map produced by
repeating the simulations for Nrepetition ¼ 256 times (each time
using a difference noise vector), followed by calculating the ratio
between the mean and the standard-deviation of the signal timeseries at every image pixel. c: Ratio of the SPEN-SNR / k-space
SNR, exhibiting a mean value of unity. [Color figure can be viewed
in the online issue, which is available at wileyonlinelibrary.com.]

through-plane (SS) axis. Images were acquired for the
axial slice shown in Figure 6a, chosen so as to include
both uniform and high-resolution features. Figures 6b–6f
present zoomed images of the 16  16 mm2 ROI marked
by the dashed inset in Figure 6a, acquired using a reference high resolution FLASH imaging protocol, and the
SPEN and k-space spin-echo sequences in Figure 2. Figures 6d–6f hold SPEN based images, which were all
reconstructed from the same data set using either full SR
reconstruction (6d); SR reconstruction modified by setting uniform spatial weights Wu,n ¼ 1 in Eq. [7] (6e); and
using Fourier Transform (6f). As was demonstrated in
Figure 3 above, all three postprocessing options will
deliver images of similar quality as long as the underlying data set was sampled under the Nyquist criteria.

The formalism and results presented in this report lay a
general framework for the implementation of SPEN imaging and for the evaluation of its corresponding resolution
and sensitivity characteristics. It is shown that by predicating the target image parameters, namely, the field-ofview, spatial-resolution and acquisition bandwidth, this
framework allows one to derive all experimental and
reconstruction parameters required for SPEN, leading to
a minimal width image-domain PSF. Theoretically, this
framework predicts that equal spatial-resolution and
SNR can be reached for SR SPEN as compared to conventional k-space encoded FT MRI. This prediction was
substantiated using analytical calculations, simulations,
and experimentally using gold-standard SNR measurements. The experimental approach taken in this study
relied on phantom rather than in vivo imaging, as the
latter is more error prone when evaluating SNR due to
its inability to acquire a series of images under perfectly
identical settings, and in addition, due to its dependence
on the regions chosen for representing the signal and the
noise, and its high sensitivity to motion artifacts. We,
therefore, deem the phantom-based approach adopted in
this work as the most faithful way of assessing SPEN’s
SNR comparativeness, and anticipate our finding’s principal aspects to persist for in vivo applications.
The numerical and experimental estimations of SR
SPEN SNR relied on the specific reconstruction model in
Eq. [6]. This noniterative LSM model hereby used has
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FIG. 6. Representative images of the high-resolution phantom used in this study. a: Full FOV image of the phantom. Experiments used
either SPEN or conventional k-space encoding along the RO (vertical) axis and similar phase-encoding along the PE (horizontal) axis.
b–f: Zoomed images of a 16  16 mm2 region of interest (ROI) marked by a yellow dashed inset in (a). b: Reference high-resolution
FLASH image. c: k-space encoded Spin-Echo image. d–f: SPEN based Spin-Echo images reconstructed from the same data set using
full SR reconstruction (d); SR reconstruction modified to use uniform spatial weights Wu,n ¼ 1 in Eq. [7] (e); and Fourier Transform (f). All
three SPEN postprocessing options deliver images of similar quality, in agreement with the results shown in Figure 3 for data sets
whose sampling rate meets the Nyquist criteria. Some differences, however, can be seen between the k-space encoded and SPEN
images in (c) and (d), (e.g., the different Gibbs ringing distribution) reflecting the differences between the two encoding methods that
were at play in each case. Notwithstanding these differences, roughly similar spatial-resolutions can be realized by both methods when
following SPEN’s parametric regime and SR reconstruction procedure described in the text. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

been previously shown to provide robust and reliable
reconstructions under various in vivo settings
(15,22,29,30); in the present context, it provided Fourier-

equivalent SNR levels whilst exhibiting no loss in
spatial-resolution. Other SPEN postprocessing models
have also been recently proposed (21,33). To the best of

FIG. 7. Experimental SNR comparison between SPEN and k-space encoding for the high resolution phantom in (a), using identical imaging parameters. b–e: SNR values for 1D profiles, taken along the SPEN | k-encoded (vertical) axis at four representative x-locations
marked by the gray dashed lines in (a). Quantitative numerical value denotes the mean ratio between the corresponding SNR values. To
avoid noise-only regions, estimation included regions where the signal level was more than 15% of its maximal intensity. Similar (SPENSNR) / (k-enc SNR) values are seen for all x-locations of the object, revealing quantitatively similar SNR levels for both methods. The
full set of imaging parameters is delineated in the Methods section. [Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]
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our understanding, these do not differ inherently from
the model used herein, and should therefore offer comparable SNR and spatial resolution. The ability to bring
SPEN’s SNR up to par with SNR values of FT-based
imaging is indeed embodied in all above models. It
derives from the initial use of a wide focal point, combined with the localized nature of the reconstruction
operator P which, as previously indicated in (24),
restricts the dynamic range used during reconstruction,
resulting in decreased noise levels. Equally important is
the convex nature of the SR problem which makes it
well behaved numerically, and hence enables an efficient multiplexing of multiple signal points during
reconstruction.
It is important to note that, although the specific
parameter values used in this study were derived from
the ones used in conventional k-space imaging (thereby
allowing objective comparison of the two encoding methods) SPEN is not necessarily restricted to this parametric
limit, which is essentially defined by the Nyquist criterion (11). The SNR comparability of SPEN and Fourier
encoding in this limit thus does not exhaust the capabilities of SPEN, e.g., its capacity for inherent spatial localization or its enhanced robustness against off-resonance
artifacts. These capabilities can still be used while keeping in mind the SNR tradeoff defined by Eqs. [12] and
[16] that will arise when shifting from the spatially
global k-space limit toward higher spatial localization.
SPEN’s higher efficiency in refocusing off-resonance frequency shifts such as static field inhomogeneities and
chemical-shift distortions can become a significant aid in
single-shot imaging, when substituting the artifact-prone
phase-encoded (PE) dimension with spatiotemporalencoding. Because SPEN is only required to match the
acquisition and excitation time-bandwidth products,
higher freedom is available for increasing the acquisition
bandwidth along this 2nd dimension while avoiding
Nyquist ghosting artifacts owing to SPEN’s spatially local
nature (11,12). Furthermore, as SPEN is in such instances
still implemented only along a single (PE) dimension, the
SNR characteristics of these implementations will follow
along the lines delineated in this report. From the relations
in the Theory Section it can be inferred that SR SPEN will
then lead to similar PSF profiles as an ideal phaseencoding and entail no SNR losses—while continuing to
offer enhanced T2* refocusing capabilities. An intriguing
option that arises in these “Hybrid” SPEN-/k-encoded 2D
single-shot experiments is the new degree of freedom in
trading off SNR for higher bandwidths along the SPEN
dimension. Increasing the time-bandwidth product (TBP)
of SPEN’s matched encoding / decoding processes (Eq.
[10]) will then offer higher immunity against frequency offresonance effects manifested as reduced distortion of the
spatiotemporally encoded axis xdistorted 5 x1DB0/Gacq, and
lower signal attenuation embodied in the Jacobian of the
transformation between the original and distorted coordinate systems (see Supp. Materials, which are available
online, for a full analysis of these effects). It is important to
note that although this is a very effective tool for animal
studies, clinical scanners will impose certain limitations
on the allowed TBP. Quantitatively, this value correlates
linearly with either higher SAR levels or longer excitation /
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acquisition durations, and might, therefore, limit short-TE
or SAR demanding applications (12). Pertaining to SNR, an
increased TBP will lead to a thinner focal region and
attenuation of the acquired signal according to Eq. [10],
indicating that an F-fold increase in the excitation / acquisi^ SPEN by the
tion TBP will decrease the image intensity S
same factor. The reconstructed image noise STD will, however, also subsequently decrease, as the higher TBP along
the SPEN dimension will lead to increased spatial localizapﬃﬃﬃﬃ
tion of the reconstruction matrix P in Eq. [16], and to a F
(k)
lower noise amplification. The time-domain noise v will,
at the same time, remain unchanged, owing to the fact that
in single-shot imaging the acquisition bandwidth is dictated by the much larger readout gradient. Factoring these
pﬃﬃﬃﬃ
two effects together, an overall SNR penalty of only F
will need to be traded off for an F-fold increase in the protocol’s bandwidth along the PE dimension, allowing higher
immunity to off-resonance artifacts (see Supp. Materials for
additional analysis of these effects). As single-shot protocols use high excitation flip-angles they are typically rich
in SNR, making this tradeoff a powerful and indeed “costeffective” tool for reducing field-inhomogeneity, motion,
and chemical-shift artifacts. SPEN-based single-shot protocols can thus use longer echo times, realize larger matrix
sizes, and be used to scan regions which were so far inaccessible to single-shot imaging (14).
Frequency-swept pulses serve as the basis of SPENbased imaging and spectroscopy applications, and give
rise to new and unique capabilities pertaining to both
these fields. Their use in MRI, however, has two restrictive aspects that should be carefully considered. The first
of these restrictions relates to the high bandwidths of
these pulses and the ensuing increase in SAR values.
Similar to its positive effect on the signal-to-noise ratio,
the SR reconstruction has a vital role also in this case:
by removing the stringent constraint of encoding a onepixel-wide PSF, lower B1 powers can be used without
loss of spatial-resolution, enabling lower SAR deposition
(26). Evaluation of the concrete SAR penalty vis-a-vis
standard slice-selective pulses remains a question of the
specific application at hand and, in the end, will depend
on the balance between SPEN FOV and slice thickness,
as well as on the slice-selection scheme and the B0 field
strength. Another limiting feature drawing from the spatially sequential excitation and acquisition processes, is
a spatially dependent echo-time (TE) and subsequently
T2 weighting of the sample. Although this does not constitute a major complication when implementing SPEN
along the fast RO dimension, it can become significant
in single-shot applications involving long echo times.
Solutions for this issue have been suggested (11,12),
while other alternatives to deal with this effect are currently being explored.
Extended implementations using SPEN along more
than a single dimension in combination with superresolution processing, are possible and might hold their
own merits. Generalization of the presented analysis to
higher dimension will in these cases depend mainly on
the correlation between the different SPEN dimensions.
Assuming for example, a straightforward implementation
of SPEN along two independent axes of a rectilinear Cartesian grid, both the spatial-resolution and SNR findings
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in this report would maintain their validity, separately
for each of the dimensions. Analysis of more complex
multidimensional trajectories, such as a spiral imaging,
would require formulating the interrelation between the
encoded axes (both during the encoding, and during the
acquisition) and would be specific to the particular
implementation at hand. Further consideration should
also be given to the generalization of the presented analysis to multi-coil receive systems. This would, as a first
step, require the noise STD in Eq. [14] to include the full
coil correlation matrix C, leading to a spatial variation of
the SNR according to the coil sensitivity profiles. This
being said, it is likely that such setups would in fact
favor a SPEN-based approach, owing to this method’s
ability to localize the signal in each coil to its spatially
optimal region, and exclude low sensitivity regions
which offer mainly noise contributions.
APPENDIX A
Derivation of SPEN’s SR Factor FSR Under Optimal
Reconstruction Conditions
The super-resolution factor in SPEN reconstruction is
defined as the ratio between the encoded pixel size Dx,
and the reconstructed pixel size dx. It is important to
remember that, while Dx is determined experimentally
according to the curvature of the excitation quadratic
phase profile in Eq. [1], the value of dx is a parameter of
the reconstruction and can be arbitrarily set. The choice
is, however, trivial as one would most likely aim for the
highest possible nominal resolution dx 5 FOV / N, where
FOV is the imaged field-of-view and N the number of
acquisition points. Using Eq. [2] the super-resolution factor can be expressed as,
FSR ¼

pﬃﬃﬃﬃ
Dx
R=gGexc
¼
dx
FOV =N

[A.1]

where R denotes the sweep rate of the encoding RF pulse
[in units of (HZ/s)]. Expressing the value of R explicitly
using the excitation bandwidth gGexc FOV and duration
Texc , while remembering SPEN’s prerequisite for equal
time  bandwidth values during the excitation and the
acquisition (see Eqs. [12] and [13] in Ref. (10)) we get,
FSR

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gGexc FOV =Texc N
N
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼
FOV
gGexc
gGacq FOV Tacq
N
[A.2]
¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gGacq FOV Tacq

Setting the acquisition dwell time dt to be one over the acquisition bandwidth gGacq FOV yields the required relation,
pﬃﬃﬃﬃﬃ
N
FSR ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ¼ N [
Tacq =dt

[A.3]
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